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BASIC PROPERTIES OF R
If
Proof. It is proved in [C] that if S is a domain, so is S[X; a, 3], and if S is noetherian, so is S[X; a, 3]. Since U(b) is a noetherian domain so is R.

Since S[X; a, ] = S 0 SX E SX
In [MR] and [MS] , a ring R is said to be somewhat commutative if there is a filtration on R by finite-dimensional subspaces such that the asssociated graded algebra is finitely generated and commutative. Since R embeds in the second Weyl algebra, R certainly has a filtration by finite-dimensional subspaces such that the associated graded algebra is commutative. It is not clear whether the associated graded algebra is finitely generated. However, given the description of R in (1.2), it follows from [MR, Theorem 3.3] that R is indeed somewhat commutative. Proposition 1.7. R is somewhat commutative.
The class of somewhat commutative algebras includes enveloping algebras and their factor rings, but it is considerably larger and includes many rings of differential operators. There is a good theory of Gelfand-Kirillov dimension, and a Hilbert-Samuel polynomial for the class of somewhat commutative algebras, and this is the point of [MS] and [MR] . In particular, there is a notion of "multiplicity" which behaves well on short exact sequences (see [MR] for details). We will make use of this in ?3 to study the Krull dimension of factor rings of R. 
HIGHEST WEIGHT MODULES AND FINITE-DIMENSIONAL SIMPLES
Let
PRIMITIVE IDEALS OF R Recall that if g is a semisimple
Lie algebra, and 0 :$ x E U(g); then there is a finite-dimensional simple g-module E such that xE :$ 0. The next lemma is an analog of this for the ring R. Proof. As R is noetherian, I contains a (finite) product of prime ideals, so it is enough to prove the result when I is prime. Since GK-dim R = 3, it follows that GK-dim(R/I) <2.
Because R is of countable dimension over C, I is the intersection of the primitive ideals which contain I. Furthermore, as the dimension of R is countable, the center of any primitive factor ring of R is C, so if I is primitive the result holds. Thus we may assume that I is not primitive, and I is the interesection of the primitive ideals which (strictly) contain I. If P D I is primitive, then GK-dim(R/P) < 1.
Sublemma. Let S be a nonartinian, noetherian, finitely generated algebra over a field k, and supose that GK-dim(S) = 1 . Then S is not primitive.
Proof of Sublemma. Suppose that S is primitive, and let S/J be a faithful simple S-module. Since dimk S = 00, so too is dimk(S/J) = 00. If J were not an essential left ideal, then the socle of S would be nonzero, so would contain a regular element, c say. But then S Sc would be of finite length, contradicting the fact that S is not artinian. Hence J is essential, so contains a regular element c. But now dimk (S/Sc) = 00, and also GK-dim(S/Sc) < GK-dimS -1 . This is a contradiction, because in this situation a module is of finite dimension if and only if it has GK-dimension zero. o Let P 2 I be primitive. Thus R/P is artinian, hence simple artinian. We wish to show that in fact dimc(R/P) < 00. Suppose not. Then there exists a E R/P which is a unit, and a 0 C. Therefore the field C(a), of transcendence degree 1, is contained in R/P. But C(a) is of uncountable dimension, contradicting the fact that R is of countable dimension. Thus dimc(R/P) < 00. Hence P is the annihilator of a finite-dimensional simple R-module. Thus P = Ann L(A) for some A). o Remark. We could have avoided the sublemma, and the paragraph after it, by an appeal to [SW] . The proof in [SW] works for a more general situation than that we are considering, and it seemed worthwhile to point out an easy proof of the following fact: Let S be a finitely generated algebra of countable dimension over a field k . Suppose that S is noetherian, primitive, and GK-dim(S) < 1 . Then dimk S < 0, and S is simple artinian.
Hence I annihilates a collection of finite-dimensional L(A)
Given the analogy with U(g), the next result is to be expected. 
Theorem 3.3. (a) Every primitive ideal of R is of the form Ann L(A). (b) The minimal primitive ideals are the ideals Ann V(A) = (Q -u(A + 1)). (c) There is only a finite number of primitive ideals containing a given (Q -
u
A BGG CATEGORY
The analysis of primitive ideals in enveloping algebras of semisimple Lie algebras depends on a certain category of modules discovered by Bernstein, Gelfand, and Gelfand [BGG] , the category 6'. There is an analog of a for the rings R. The proofs of the properties of < are "identical" to those given in [BGG] .
The category a consists of the R-modules M which satisfy the following conditions: To understand 9 one may proceed by studying each &a individually. We show that projective covers exist in ,'a. The first requirement is a more precise version of (4.la). 
Set I = R(H -A) + RA k, Q(A) = R/I, and q = T E Q(A). Clearly Q(A) E . Since q is of weight A, so is (0(q) for any (0 E HomR(Q(A) , M) . Hence the map HomR(Q(AI), M) -* M. defined by # F-+ (o(q) is surjective. On the other hand, if p $ 0, then (0(q) $ 0 because q generates Q(A). Thus HomR(Q(A), M) -* M, is an isomorphism. But M E o, SO HomR(Q(A), M)
M. is an isomorphism. Again, I do not know if the BGG category for -'J(Pk) will also arise from the algebras R (for suitable f). H-k)-g(H) ).
Thus the functors M F-* HomR(Q(
A
EXTENSIONS BETWEEN THE MODULES L(A)
Finite
